We construct a metric space whose transfinite asymptotic dimension and complementary-finite asymptotic dimension 2ω + 1.
Preliminaries
Our terminology concerning the asymptotic dimension follows from [12] and for undefined terminology we refer to [7] and [11] . Let (X, d) be a metric space and U, V ⊆ X, let diam U = sup{d(x, y)|x, y ∈ U } and d(U, V ) = inf{d(x, y)|x ∈ U, y ∈ V }.
Let R > 0 and U be a family of subsets of X. U is said to be R-bounded if diam U . = sup{diam U | U ∈ U} ≤ R.
In this case, U is said to be uniformly bounded. Let r > 0, a family U is said to be r-disjoint if In this paper, we denote {U | U ∈ U} by U, denote {U | U ∈ U 1 or U ∈ U 2 } by U 1 ∪ U 2 and denote {N δ (U ) | U ∈ U} by N δ (U) for some δ > 0. Let A be a subset of X, we denote {x ∈ X|d(x, A) < ǫ} by N ǫ (A) and denote {x ∈ X|d(x, A) ≤ ǫ} by N ǫ (A) for some ǫ > 0. Definition 2.1. A metric space X is said to have finite asymptotic dimension if there exists n ∈ N, such that for every r > 0, there exists a sequence of uniformly bounded families {U i } n i=0 of subsets of X such that the family n i=0 U i covers X and each U i is r-disjoint for i = 0, 1, · · · , n. In this case, we say that the asymptotic dimension of X less than or equal to n, which is denoted by asdimX ≤ n.
We say that asdimX = n if asdimX ≤ n and asdimX ≤ n − 1 is not true. T. Radul generalized asymptotic dimension of a metric space X to transfinite asymptotic dimension which is denoted by trasdim(X) (see [7] ). Let F inN denote the collection of all finite, nonempty subsets of
Let M a abbreviate M {a} for a ∈ N. Define the ordinal number OrdM inductively as follows:
Given a metric space X, define the following collection:
The transfinite asymptotic dimension of X is defined as trasdimX=OrdA(X).
3 A metric space whose transfinite asymptotic dimension and complementary-finite asymptotic dimension 2ω + 1
Let
in which (p 1 , ..., p n ), (q 1 , ..., q n ) ∈ N n and p 1 ≤ ... ≤ p n . For simplicity, we abuse the notation a little by denoting X((p 1 , ..., p n ), (q 1 , ..., q n )) = (p n Z) n j=1 qj when p j ∈ Z − for some j.
By this new notation, the space Y 2ω constructed simultaneously in [11] and [8] equals to as ∞ k=0 (as ∞ n=−k X((k, n + k), (k + 1, n))) and hence trasdim(as ∞ k=0 (as ∞ n=−k X((k, n + k), (k + 1, n)))) = 2ω. Now we will prove: trasdim(as ∞ k=0 (as ∞ n=0 X((0, k, n), (1, k, n − k)))) = 2ω + 1.
Proposition 3.1. trasdim(as ∞ k=0 (as ∞ n=0 X((0, k, n), (1, k, n − k)))) ≤ 2ω + 1.
Proof. Since for k ≤ n, X((0, k, n), (1, k, n − k)) ⊂ X((0, k), (1, n) ), by the proof Proposition 3.2 in [10] . For any d > 0, there exists d−disjoint uniformly bounded subsets families U 0 and U 1 such that
X((0, k, n), (1, k, n − k))) for some M > 0. X((0, k, n), (1, k, n − k)))) ≤ 2ω + 1.
If not, coasdim(as ∞ k=0 (as ∞ n=0 X((0, k, n), (1, k, n − k)))) ≤ 2ω by Proposition 3.2 in [11] . So for any d > 0 big enough and any d−disjoint R−bounded subsets family U 0 , n) , (k + 1, n − k))).
Since M > R + 2d, f (X((0, k, n), (1, k, n − k)))) = X((k, n), (k + 1, n − k))) for n ≥ k ≥ M . So we can define a surjective map f : as 
